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SHARP HIGHER-ORDER SOBOLEV INEQUALITIES IN THE
HYPERBOLIC SPACE Hn
GENQIAN LIU
Department of Mathematics, Beijing Institute of Technology, Beijing 100081, People’s Re-
public of China. E-mail address: liugqz@bit.edu.cn
Abstract. In this paper, we obtain the sharp k-th order Sobolev inequalities in the
hyperbolic space Hn for all k = 1, 2, 3, · · · . This gives an answer to an open question
raised by Aubin in [Aubin, Princeton University Press, Princeton (1982), pp. 176-177] for
W k,2(Hn) with k > 1. In addition, we prove that the associated Sobolev constants are
optimal.
1. Introduction
In the Euclidean space Rn, Aubin [4] and Talenti [30] proved that for any u ∈ C∞0 (Rn),
(1.1)
(∫
Rn
|u(x)|2n/(n−2)dx
)(n−2)/n
≤ Λ1
∫
Rn
|∇u|2dx,
where the best Sobolev constant is
Λ1 =
4ω
−2/n
n
n(n− 2) ,(1.2)
and ωn is the surface area of the sphere S
n = {x ∈ Rn+1∣∣|x| = √x21 + · · ·+ x2n+1 = 1}. The
equality sign holds in (1.1) if and only if u has the form:
u(x) =
[
2ǫ
ǫ2 + |x− x0|2
]n
2−1
, x ∈ Rn,
where ǫ > 0 and x0 is any fixed point in R
n.
In order to solve the famous Yamabe problem, Aubin established (see [2] and [3]) the sharp
Sobolev inequality on the sphere Sn, written as(∫
Sn
|u(y)|2n/(n−2)dy
)(n−2)/n
≤ Λ1
∫
Sn
|∇u(y)|2dy + ω−2/nn
∫
Sn
|u(y)|2dy(1.3)
for any u ∈W 1,2(Sn). The equality sign holds if and only if u has the form:
u(y) =
[
1− ǫ2
2ǫ
(
1 + ǫ2
1− ǫ2 − cos r
)]1−n2
, 0 ≤ r < π,
where r is the distance from y to y0 on S
n, and y0 is any fixed point on S
n.
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In the hyperbolic space (Hn, h), one has the following Sobolev inequality (see [21] and [22]):
for any u ∈ C∞0 (Hn),(∫
Hn
|u|2n/(n−2)dVh
)(n−2)/n
≤ Λ1
∫
Hn
|∇u|2dVh − ω−2/nn
∫
Hn
|u|2dVh.(1.4)
In [5, p. 176-177], T. Aubin raised the following open question: for k > 1, can one establish
the sharp Sobolev inequalities that are similar to (1.1), (1.3) and (1.4) forW k,2(Rn),W k,2(Sn)
and W k,2(Hn), respectively?
Cotsiolis and Tavoularis [12] obtained the sharp higher-order Sobolev inequalities in Rn:
for n > 2k and any u ∈ C∞0 (Rn),(∫
Rn
|u(x)| 2nn−2k dx
)n−2k
n
≤ Λk
∫
Rn
|△k/2u|2dx,(1.5)
where
|△k/2u|2 =
{ |△k/2u|2 if k is even,
|∇(△(k−1)/2u)|2 if k is odd,
and the best Sobolev constant is
Λk =
22k ω
−(2k)/n
n
n
[
n− 2k][n2 − (2(k − 1))2][n2 − (2(k − 2))2] · · · [n2 − 22] .(1.6)
The equality sign holds in (1.5) if and only if
u(x) =
[
2ǫ
ǫ2 + |x− x0|2
]n
2−k
, x ∈ Rn.
In [6], Beckner established the sharp k-th order Sobolev inequality on the sphere (Sn, g):
for n > 2k and any u ∈W k,2(Sn),(∫
Sn
|u| 2nn−2k dVg
)n−2k
n
≤ Λk
∫
Sn
(Qku)u dVg,(1.7)
where Qk is the GJMS operator on S
n:
Qk =
Γ
(
M + 12 + k
)
Γ
(
M + 12 − k
) , M =
√
△Sn +
(n− 1
2
)2
.
The equality sign holds in (1.7) if and only if
u(y) =
[
1− ǫ2
2ǫ
(
1 + ǫ2
1− ǫ2 − cos r
)]k− n2
, 0 ≤ r < π,
In 1995, Branson [7] gave the second proof for the sharp inequality (1.7) by applying a more
general Lie-theoretic point of view. Other proofs can be found in [20] and [12].
Another interesting problem is to discuss the best Sobolev constants. Hebey (see [21],
[22]), Djadli, Hebey and Ledoux [13] have given best Sobolev constants for the first-order and
second-order Sobolev inequalities on Riemannian manifolds.
In this paper, for any positive integer k, we obtain the following sharp k-th order Sobolev
inequality in the hyperbolic space Hn of constant sectional curvature −1:
Theorem 1.1. Let (Hn, h) be the hyperbolic n-space, n > 2k, and let q = (2n)/(n − 2k).
Then, for any u ∈ C∞0 (Hn),(∫
Hn
|u|qdVh
)2/q
≤ Λk
∫
Hn
(Pku)u dVh,(1.8)
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where Pk is a 2k-th order operator on H
n (see Section 2) given by Pk = P1(P1 + 2) · · · (P1 +
k(k − 1)) with P1 = △h − n(n−2)4 , △h = − 1√|h|
∑n
i,j=1
∂
∂xi
(√
|h|hij ∂∂xj
)
, and Λk is the best
k-th order Sobolev constant in Rn. Moreover, for any ǫ > 0, if
ψk,ǫ(r) =
[
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
)]k−n2
, 0 ≤ r < +∞,(1.9)
then
lim
ǫ→0+
∫
Hn
(Pkψk,ǫ(r))ψk,ǫ(r) dVh(∫
Hn
|ψk,ǫ(r)|qdVh
)2/q = infu∈C∞0 (Hn)\{0}
∫
Hn
(Pku)u dVh(∫
Hn
|u|qdVh
)2/q ,(1.10)
and
Pkψk,ǫ(r) =
1
Λkω
2k/n
n
(
ψk,ǫ(r)
)q−1
, 0 ≤ r < +∞,(1.11)
where r is the distance from y to 0 on Hn.
This answers the Aubin question mentioned above. In addition, if (1.8) is re-written as
(∫
Hn
|u|qdVh
)2/q
≤ Λk
∫
Hn
(
|△k/2h u|2 +
k−1∑
m=0
akm|△m/2h u|2
)
dVh,(1.12)
then we can further prove that the constants Λk,Λkak,k−1, · · · ,Λkak0 are optimal because
they cannot be lowered (see Theorem 3.3), where akm are the coefficients of Pk (i.e., Pk =
∆kh +
∑k−1
m=0 akm∆
m
h ).
The main idea of this paper is as follows. By using the conformal map σ : Bn → Hn (see
(2.1) of Section 2), we first lift the extremal functions Gk,ǫ(x) =
[
2ǫ
ǫ2+|x|2
]n
2−k
of the sharp
inequalities (1.5) to the functions ψk,ǫ(r) =
[
1+ǫ2
2ǫ
(
cosh r − 1−ǫ21+ǫ2
)]k− n2
in Hn (see Section 2).
This transform preserves the L
2n
n−2k norm (i.e.,
∫
Hn
|ψk,ǫ(r)| 2nn−2k dVh =
∫
Bn
|Gk,ǫ(x)| 2nn−2k dx).
Next, we search for a 2k-th order linear differential operator Pk such that∫
Hn
(Pkψk,ǫ(r))ψk,ǫ(r)dVh =
∫
Bn
(∆kGk,ǫ(x))Gk,ǫ(x) dx.
To this end, we seek out an operator Pk satisfying a stronger requirement:
Pkψk,ǫ(r) =
1
Λkω
2k/n
n
(ψk,ǫ(r))
n+2k
n−2k for 0 ≤ r < +∞.
By some direct calculations, we obtain the explicit expression of Pk (i.e., Pk = P1(P1 +
2) · · · (P1 + k(k − 1)) with P1 = ∆h − n(n−2)4 ) and prove that Pk is a conformal covariant
differential operator, i.e.,
(Pku) ◦ σ = J−
n+2k
2n
σ △k
[
J
n−2k
2n
σ
(
u ◦ σ)], for all u ∈ C∞0 (Hn).
Finally, we shall prove the sharp higher-order Sobolev inequalities (1.8) in Hn and show that
the constants Λk,Λkak,k−1, · · · ,Λkak0 cannot be lowered (see Section 3).
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2. An new method getting higher-order GJMS operators in the hyperbolic
space Hn
The hyperbolic n-space Hn (n ≥ 2) is a complete simple connected Riemannian manifold
having constant sectional curvature equal to −1, and for a given dimensional number, any two
such spaces are isometric [31]. There are several models for Hn, the most important being the
half-space model, the ball model, and the hyperboloid or Lorentz model, with the ball model
being especially useful for questions involving rotational symmetry. We will only use the ball
model in this paper.
Let Bn = {x = (x1, · · · , xn) ∈ Rn
∣∣(x21 + · · ·+ x2n)1/2 < 1} be the unit ball in the Euclidean
space Rn. For Bn, if we endow with the Riemannian metric
ds2 :=
4|dx|2
(1 − |x|2)2 ,
then the sectional curvature becomes the constant −1. Furthermore, if we now define spherical
coordinates about x = 0 by
x = tζ, t = tanh(r/2),(2.1)
where t ∈ [0, 1), r ∈ [0,∞), ζ ∈ Sn−1, then we obtain the metric
ds2 = (dr)2 + (sinh2 r)|dζ|2.
Note that for each x ∈ Bn, t and r are the Euclidean and the hyperbolic distances from 0
to x, respectively. One easily sees that, in the ball model, the geodesics emanating from the
origin are given by straight lines emanating from the origin, and their length to the boundary
∂Bn is infinite.
Let △h be the Laplacian on Hn with the metric tensor h, and let F ∈ C2(Hn;R1) with
F (y) = f(r, ζ),
where y = Exp (rζ) is the exponent map. We have by direct calculation (see p. 40 of [10]) that
(△hF )(y(r, ζ)) = −(sinh r)1−n ∂
∂r
(
(sinh r)n−1
∂f
∂r
)
− (sinh r)−2Lζf,
where, when writing Lζf , we mean that f
∣∣S(r) is to be considered as a function on Sn−1 with
associated Laplacian L. If f is a radial function on (Hn, h) (i.e., function that depends only
on distance from 0 on Hn), then the corresponding Laplacian takes the following simple form
(see also p. 180-181] of [11]):
△hf(r, ζ) = −(sinh r)1−n ∂
∂r
[
(sinh r)n−1
∂f
∂r
]
.(2.2)
Similarly, for any positive integer m we can define the mth-iterated operator △mh on the set of
radial functions as the following: for any radial function f ∈ C2m(Hn;R1),
△mh f(r) = −(sinh r)1−n
∂
∂r
[
(sin r)n−1
∂(△m−1h f)
∂r
]
, m = 1, 2, · · · .
We know (see Section 1) that for any positive integer k,
Gk,ǫ(x) =
[
2ǫ
ǫ2 + |x|2
]n
2−k
, x ∈ Rn(2.3)
are the extremal functions for the sharp k-th order Sobolev inequality (1.5) in the Euclidean
space Rn, and
△k (Gk,ǫ(x)) = 1
Λkω
2k/n
n
(
Gk,ǫ(x)
)q−1
in Rn,(2.4)
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where q = 2nn−2k . However, there is not extremal function for the sharp k-th order Sobolev
inequality in the unit ball Bn ⊂ Rn. More generally, we have the following
Lemma 2.1. Let Ω ⊂ Rn be a bounded domain with smooth boundary (n > 2k), and let
q = 2nn−2k . Assume that Ξk(Ω) is a constant defined by
1
Ξk(Ω)
= inf
u∈Wk,20 (Ω) \{0}
∫
Ω |△k/2u|2dx
(
∫
Ω |u|qdx)2/q
.(2.5)
Then Ξk(Ω) = Λk. Moreover, there is not extremal function in W
k,2
0 (Ω) for (2.5).
Proof. The Sobolev imbedding theorem implies that the right-hand side of (2.5) is finite. We
shall show that this value is nonzero. If it is not this case, then there exists a sequence of func-
tions ul ∈ W k,20 (Ω) such that
∫
Ω
|ul(x)|qdx = 1 and
∫
Ω
|∆k/2ul|2dx→ 0 as l → +∞. It follows
from the well known fact (see [24] or p. 229 of [16]) that ‖∆k/2ul‖2L2(Ω) = ‖ul‖2Wk,20 (Ω), where
‖ul‖2Wk,20 (Ω) =
∑
|α|=k ‖Dαul‖2L2(Ω). By applying the Sobolev imbedding theorem again, we
get ‖ul‖Lq(Ω) ≤ C‖ul‖Wk,20 (Ω), where C dependents only on Ω and k. Therefore, ‖ul‖Lq(Ω) → 0
as l→∞. This is a contradiction, and the claim is proved.
Next, it is not difficult to see that if Ω′ is a translation of Ω in Rn, then Ξk(Ω) = Ξk(Ω
′);
if Ω′ ⊂ Ω, then 1Ξk(Ω) ≤ 1Ξk(Ω′) because of W
k,2
0 (Ω
′) ⊂ W k,20 (Ω). By translation in Rn, we
may assume that B(0; s1) ⊂ Ω ⊂ B(0; s2), where B(0; s) = {x ∈ Rn, |x| < s}, 0 < s1 < s2.
Thus 1Ξk(B(0;s1)) ≥
1
Ξk(Ω)
≥ 1Ξk(B(0;s2)) . On the other hand, Ξk(B(0; s)) is independent of
s. Indeed, let u ∈ W k,20 (B(0; s)). By setting u˜(x) = u(sx), we have u˜ ∈ W k,20 (B1) and∫
B(0;1)
|△k/2u˜|2dx( ∫
B(0;1)
|u˜|qdx
)2/q = ∫B(0;s) |△k/2u|2dx( ∫
B(0;s)
|u|qdx
)2/q . This implies 1Ξk(B(0;s)) = 1Ξk(Ω) for all s > 0.
Now, we shall prove that Λk = Ξk(Ω). Since
⋃
s>0W
k,2
0 (B(0; s)) is dense in W
k,2(Rn),
there exists a sequence {uj} in W k,20 (B(0; sj)) such that∫
B(0;sj)
|△k/2uj |2dx( ∫
B(0;sj)
|uj|qdx
)2/q → 1Λk as j →∞.
From
∫
B(0;sj)
|△k/2uj |
2dx( ∫
B(0;sj)
|uj |qdx
)2/q ≥ 1Ξk(B(0;sj)) = 1Ξk(Ω) , we get 1Λk ≥ 1Ξk(Ω) . It is obvious that 1Ξk(Ω) ≥
1
Λk
. Hence Ξk(Ω) = Λk.
Finally, we show that there is not extremal function in W k,20 (Ω) for (2.5). Suppose that
there exists u ∈W k,20 (Ω)\{0} such that
∫
Ω
|△k/2u|2dx( ∫
Ω
|u|qdx
)2/q = 1Ξk . The extension of u by zero outside
Ω attains a minimum of
∫
Rn
|△k/2u|2dx( ∫
Rn
|u|qdx
)2/q . This is a contradiction since (2.3) is the unique form
of the extremal functions for the sharp Sobolev inequalities (1.5). 
It is easy to verify that
lim
ǫ→0+
∫
Bn
|△k/2Gk,ǫ|2dx( ∫
Bn
|Gk,ǫ| 2nn−2k dx
) n−2k
n
= inf
u∈Wk,20 (Bn)\{0}
∫
Bn
|△k/2u|2dx( ∫
Bn
|u| 2nn−2k dx)n−2kn =
1
Λk
.(2.6)
Let σ be the conformal map from the Euclidean ball Bn to the hyperbolic space H
n defined
by (2.1). Then the Jacobian of σ is Jσ(x) =
(
2
1−|x|2
)n
. Suppose f is a smooth function defined
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in the Euclidean ball Bn. Lift it to the hyperbolic space H
n by formula:
(Jσ(x))
n−2k
2n F (y) = f(x), x ∈ Bn, y = σ(x) ∈ Hn,(2.7)
i.e.,
F (y) =
(
2
1− |x|2
)k−n2
f(x), x ∈ Bn, y = σ(x) ∈ Hn.
By this formula, we can lift every function from the Euclidean ball Bn to H
n. The main
purpose of lifting a function f (defined in Bn) to F (defined in H
n) is that this transform
preserves Lq-norm, i.e., ∫
Bn
|f(x)|qdx =
∫
Hn
|F (y)|qdVh,(2.8)
where dVh = Jσ(x)dx and q =
2n
n−2k .
It is not difficult to check that the previous function Gk,ǫ(x) (defined in the Euclidean
ball Bn) is lifted to the function
[
1+ǫ2
2ǫ
(
cosh r − 1−ǫ21+ǫ2
)]k− n2 (defined in Hn). In fact, since
|x| = tanh r2 , we have
1 + |x|2
1− |x|2 =
1 + tanh2 r2
1− tanh2 r2
= cosh r.
It follows that for ǫ > 0,
1 + 1ǫ2 |x|2
1− |x|2 =
1 + ǫ2
2ǫ2
(
1 + |x|2
1− |x|2 −
1− ǫ2
1 + ǫ2
)
=
1 + ǫ2
2ǫ2
(
cosh r − 1− ǫ
2
1 + ǫ2
)
.
Thus (
2
1− |x|2
)k−n2
Gk,ǫ(x) =
(
2
1− |x|2
)k− n2( 2ǫ
ǫ2 + |x|2
)n−2k
2
(2.9)
=
[
ǫ
(
1 + 1ǫ2 |x|2
)
1− |x|2
]k−n2
=
[
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
)]k− n2
:= ψk,ǫ(r),
x ∈ Bn, 0 ≤ r < +∞.
In what follows we shall look for a linear differential operator Pk of order 2k defined on H
n
such that ∫
Bn
Gk,ǫ(x)(∆
kGk,ǫ(x)) dx =
∫
Hn
ψk,ǫ(r)(Pkψk,ǫ(r))dVh.(2.10)
Actually, by virtue of (2.4) and
∫
Bn
|Gk,ǫ(x)|qdx =
∫
Hn
|ψk,ǫ(r)|qdVh, it suffices for us to find
an operator Pk such that
Pkψk,ǫ(r) =
1
Λkω
2k/n
n
(
ψk,ǫ(r)
)q−1
, 0 ≤ r < +∞.
The following Lemma gives an explicit expression for the Pk:
Lemma 2.2. Assume that k is a positive integer, and assume that (Hn, h) is the hyperbolic
space, n > 2k. Let
ψk,ǫ(r) =
[
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
)]k−n2
, 0 ≤ r < +∞.
If ψk,ǫ(r) satisfies the equation
Pkψk,ǫ(r) =
1
Λkω
2k/n
n
(
ψk,ǫ(r)
) n+2k
n−2k , 0 ≤ r < +∞,(2.11)
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then Pk has the form:
Pk = P1
[
P1 + 2
][
P1 + 6
] · · · [P1 + k(k − 1)],(2.12)
where P1 = △h − n(n−2)4 .
Proof. (i) For k = 1, since ψ1,ǫ(r) =
[
1+ǫ2
2ǫ
(
cosh r − 1−ǫ21+ǫ2
)]1−n2
and
△hψ1,ǫ(r) = −(sinh r)1−n ∂
∂r
[
(sinh r)n−1
∂ψ1,ǫ(r)
∂r
]
.
It is easy to verify that(
△h − n(n− 2)
4
)
ψ1,ǫ(r) =
n(n− 2)
4
(ψ1,ǫ(r))
n+2
n−2 .
In fact, this result had been known in [21] and [22] (also see [9], [26]) since △h− n(n−2)4 is the
Yamabe operator on (Hn, h).
(ii) For k = 2, we can directly verify(
△h − n(n− 2)
4
)(
△h − n(n− 2)
4
+ 2
)
ψ2,ǫ(r) =
n(n− 4)(n2 − 22)
24
(ψ2,ǫ(r))
n+4
n−4 ,
where ψ2,ǫ(r) =
[
1+ǫ2
2ǫ
(
cosh r − 1−ǫ21+ǫ2
)]2−n2 . Actually, this had been verified in [13] since
(△h − n(n−2)4 )(△h − n(n−2)4 + 2) is just the Paneitz-Branson operator on (Hn, h) (The fourth
order Paneitz-Branson operator Zg on a Riemannain manifold (M, g) is given by (see [13],
[29] or [9])
Zgu = ∆
2
gu− divg
(
(n− 2)2 + 4
2(n− 1)(n− 2)Rgg −
4
n− 2 Ricg
)
du +
n− 4
2
Qgu,
where
Qg =
1
2(n− 1)∆gRg +
n3 − 4n2 + 16n− 16
8(n− 1)2(n− 2)2 R
2
g −
2
(n− 2)2 |Ricg|
2,
and Rg and Ricg denote respectively the scalar curvature and Ricci curvature of the metric
g.)
(iii) For k = 3 and ψ3,ǫ(r) =
[
1+ǫ2
2ǫ
(
cosh r − 1−ǫ21+ǫ2
)]3−n2
, by a straightforward calculation
we get (
△h − n(n− 2)
4
)(
△h − n(n− 2)
4
+ 2
)(
△h − n(n− 2)
4
+ 6
)
ψ3,ǫ(r)
=
n(n− 6)(n2 − 42)(n2 − 22)
26
(ψ3,ǫ(r))
n+6
n−6 .
(Note that the sixth-order operator P3 had also been obtained by Branson [8] and Wu¨nsch
[32]).
(iv) We shall prove by induction that Pk has the form (2.12), and the equation (2.11)
holds for all k ≥ 1. Indeed, suppose that for all 1 ≤ j ≤ k:
P1
[
P1 + 2
] · · · [P1 + j(j − 1)]ψj,ǫ(r) = 1
Λjω
2j/n
n
(
ψj,ǫ(r)
) n+2j
n−2j .(2.13)
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Then
△hψk+1,ǫ = −(sinh r)1−n ∂
∂r
{(
sinh r)n−1
∂
∂r
[(
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
))k+1− n2 ]}
= −
[
−n(n− 2)
4
+ k(k + 1)
]
ψk+1,ǫ(r) − 2
(
1− ǫ2
2ǫ
)
k(k − n
2
+ 1)ψk,ǫ(r)
+(k − n
2
)(k − n
2
+ 1)ψk−1,ǫ(r).
Acting on both sides of the equation above by the Pk, we find that[
△h − n(n− 2)
4
+ k(k + 1)
]
Pkψk+1,ǫ(r) = −2
(
1− ǫ2
2ǫ
)
k(k − n
2
+ 1)Pkψk,ǫ(r)
+(k − n
2
)(k − n
2
+ 1)
(
△h − n(n− 2)
4
+ k(k − 1)
)
Pk−1ψk−1,ǫ(r).
From assumption (2.13), we get that[
△h − n(n− 2)
4
+ k(k + 1)
]
Pkψk+1,ǫ = − 2
Λkω
2k/n
n
(
1− ǫ2
2ǫ
)
k(k − n
2
+ 1)
(
ψk,ǫ(r)
) n+2k
n−2k
+
1
Λk−1ω
2(k−1)/n
n
(k − n
2
)(k − n
2
+ 1)
(− n(n− 2)
4
+ k(k − 1) +△h
)(
ψk−1,ǫ(r)
) n+2(k−1)
n−2(k−1)
= − 2
Λkω
2k/n
n
(
1− ǫ2
2ǫ
)
k(k − n
2
+ 1)
(
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
))−k−n2
+
+
1
Λk−1ω
2(k−1)/n
n
(k − n
2
)(k − n
2
+ 1)
(− n(n− 2)
4
+ k(k − 1))(ψk−1,ǫ(r)) n+2(k−1)n−2(k−1)
+
1
Λk−1ω
2(k−1)/n
n
(k − n
2
)(k − n
2
+ 1)
(
1 + ǫ2
2ǫ
)−k+1−n2
×
×
[
(
n
2
− k)(n
2
+ k − 1)
(
cosh r − 1− ǫ
2
1 + ǫ2
)−k+1−n2
−2
(
1− ǫ2
1 + ǫ2
)
k(
n
2
+ k − 1)
(
cosh r − 1− ǫ
2
1 + ǫ2
)−k−n2
+
(
1 + ǫ2
2ǫ
)−2 (n
2
+ k
)(n
2
+ k − 1)(cosh r − 1− ǫ2
1 + ǫ2
)−k−1− n2 ]
=
1
Λk−1ω
2(k−1)/n
n
(n
2
− k + 1))(n
2
+ k
)(n
2
− k)(n
2
+ (k − 1))(ψk+1,ǫ(r)) n+2(k+1)n−2(k+1)
=
1
Λk+1ω
2(k+1)/n
n
(
ψk+1,ǫ(r)
) n+2(k+1)
n−2(k+1) .
Thus, (2.11) is true for the operator Pk having the form (2.12). 
By applying the identity (2.4) and the lifting formula ψk,ǫ(r) =
(
Jσ(x)
) 2k−n
2n Gk,ǫ(x) we
immediately see that the equation (2.11) is equivalent to the following equation:
Pkψk,ǫ(r) =
(
Jσ(x)
)−n+2k2n ∆kGk,ǫ(x), x ∈ Bn, 0 ≤ r < +∞.(2.14)
In general, we can prove that (2.14) also holds for all u ∈W k,20 (Hn).
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Theorem 2.3. Let (Hn, h) be the hyperbolic n-space with
h :=
(
2
1− |x|2
)2
δ,
where δ is the Euclidean metric of Rn. Let
Pk = P1
[
P1 + 2
][
P1 + 6
] · · · [P1 + k(k − 1)],(2.15)
where P1 = △h − n(n−2)4 , and △h is the Laplacian on Hn which has the local representation:
△h = − 1√
h
n∑
i,j=1
∂
∂xi
(√
hhij
∂
∂xj
)
.
Suppose σ : Bn → Hn is the conformal map defined by (2.1). Then for any u ∈ C∞0 (Hn),
(Pku) ◦ σ = J−
n+2k
2n
σ △k
[
J
n−2k
2n
σ
(
u ◦ σ)], for x ∈ Bn,(2.16)
where Jσ(x) =
(
2
1−|x|2
)n
is the Jacobian of σ, and △k is the standard kth-iterated Laplacian
in Rn.
Proof. We shall prove this theorem by induction. For the sake of convenience, we simply
write u ◦ σ and (Pku) ◦ σ as u and Pku in Bn, respectively. Then, (2.16) is re-expressed as
ξ
n+2k
n−2k
k (Pku) = △k
(
ξku
)
, for x ∈ Bn,(2.17)
where ξk(x) =
(
Jσ(x)
) n−2k
2n .
For k = 1, noting that
√
h =
(
2
1− |x|2
)n
,
we have
△hu = −
n∑
i,j=1
[
hij
∂2u
∂xi∂xj
+
1√
h
∂u
∂xj
∂
∂xi
(√
hhij
)]
= −
n∑
i,j=1
[(1− |x|2
2
)2 ∂2u
∂xi∂xj
δij +
(1− |x|2
2
)n ∂u
∂xj
∂
∂xi
(( 2
1− |x|2
)n−2
δij
)]
=
(
1− |x|2
2
)2
△u− (n− 2)
(
1− |x|2
2
) n∑
i=1
xi
∂u
∂xi
,
so that
ξ
n+2
n−2
1 (P1u) =
(
2
1− |x|2
)n+2
2
(
△hu− n(n− 2)
4
u
)
=
(
2
1− |x|2
)n+2
2
[(1− |x|2
2
)2△u− (n− 2)(1− |x|2
2
) n∑
i=1
xi
∂u
∂xi
− n(n− 2)
4
u
]
=
( 2
1− |x|2
)n−2
2 △u− (n− 2)( 2
1− |x|2
)n
2
n∑
i=1
xi
∂u
∂xi
− n(n− 2)
4
( 2
1− |x|2
)n+2
2 u.
On the other hand, we get
∂ξ1
∂xi
=
(n
2
− 1
)( 2
1− |x|2
)n
2
xi, i = 1, 2, · · · , n
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and
∂2ξ1
∂x2i
=
(
n
2
− 1
)(
2
1− |x|2
)n
2
+
(
n
2
− 1
)(
n
2
)(
2
1− |x|2
)n+2
2
x2i ,
so that
△ξ1 = −
n∑
i=1
∂2ξ1
∂x2i
= −n(n− 2)
4
( 2
1− |x|2
)n+2
2 .
It follows that
△(uξ1) = −
n∑
i=1
∂2(uξ1)
∂x2i
= ξ1△u− 2∇u · ∇ξ1 + u△ξ1
=
( 2
1− |x|2
)n−2
2 △u− (n− 2)( 2
1− |x|2
)n
2
n∑
i=1
xi
∂u
∂xi
−n(n− 2)
4
( 2
1− |x|2
)n+2
2 u.
Thus (
△h − n(n− 2)
4
)
u =
(
2
1− |x|2
)−n+22
△
(( 2
1− |x|2
)n−2
2 u
)
,(2.18)
i.e., (2.17) is true for k = 1.
We now suppose that (2.17) is true for k, that is,(
2
1− |x|2
)n+2k
2
(Pku) = △k
((
2
1− |x|2
)n
2−k
u
)
,(2.19)
and attempt to deduce from this that (2.17) is still true for k + 1. By a simple calculation,
we have that
△
[(
1− |x|2
2
)k+1
△kv
]
= (k + 1)(n+ 2k)
(
1− |x|2
2
)k
△kv(2.20)
+
(
1− |x|2
2
)k+1
△k+1v + 2(k + 1)
(
1− |x|2
2
)k n∑
i=1
xi
∂(△kv)
∂xi
−k(k + 1)
(
1− |x|2
2
)k−1
△kv.
It is easy to check that for each integer k ≥ 0,
△k+1
(
1− |x|2
2
v
)
= (k + 1)(n+ 2k)△kv(2.21)
+
(
1− |x|2
2
)
△k+1v + 2(k + 1)
n∑
i=1
xi
∂(△kv)
∂xi
.
Combining (2.20) and (2.21), we get
△
[(
1− |x|2
2
)k+1
△kv
]
+ k(k + 1)
(
1− |x|2
2
)k−1
△kv(2.22)
=
(
1− |x|2
2
)k
△k+1
(
1− |x|2
2
v
)
.
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By (2.15), (2.19), (2.18) and (2.22), we have that
Pk+1u =
[
P1 + k(k + 1)
]
Pku
=
(
△h − n(n− 2)
4
)
Pku+ k(k + 1)Pku
=
(
△h − n(n− 2)
4
)[(
2
1− |x|2
)−n+2k2
△k
((
2
1− |x|2
)n−2k
2
u
)]
+k(k + 1)
(
2
1− |x|2
)−n+2k2
△k
((
2
1− |x|2
)n−2k
2
u
)
=
(
2
1− |x|2
)−n+22
△
[(
2
1− |x|2
)−(k+1)
△k
((
2
1− |x|2
)n−2k
2
u
)]
+k(k + 1)
(
2
1− |x|2
)−n+2k2
△k
((
2
1− |x|2
)n−2k
2
u
)
=
(
2
1− |x|2
)−n+22 ( 2
1− |x|2
)−k
△k+1

( 2
1− |x|2
)n−2(k+1)
2
u


=
(
2
1− |x|2
)−n+2(k+1)2
△k+1

( 2
1− |x|2
)n−2(k+1)
2
u

 .
Hence
ξ
n+2(k+1)
n−2(k+1)
k+1 (Pk+1u) = △k+1(ξk+1 u),
which completes the proof. 
Remark 2.4. (i) In the general setting of psuedo-Riemannian manifolds, Graham, Jenne,
Mason and Sparling solved a major existence problem in [19] where they used a formal geometric
construction to show the existence of conformally covariant differential operators Pk (to be
referred to as the GJMS operators) with principal part △k.
(ii) In fact, similar explicit representation of the GJMS operator Pk can be found for
Einstein manifolds in [15], [17] or [18] by using the GJMS operator construction and some
special properties of Einstein metrics. However our approach for obtaining Pk in the hyperbolic
space Hn is completely different. In this paper, we adopt an elementary calculation by a lifting
function ψk,ǫ(r) and by using the nonlinear elliptic equation (2.11) which is equivalent to the
equation (2.14). By our new method, we can clearly see that the 2k-th order GJMS operators
Pk on the hyperbolic space (H
n, h) is essentially the power ∆k of the positive Rn Laplacian
lifted to the hyperbolic space via the conformal map σ.
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3. Sharp k-th order Sobolev inequalities in the hyperbolic space Hn
Lemma 3.1. Let (Hn, h) be the hyperbolic space, n > 2k. Suppose that there exist real
constants b′k and {a′km}0≤m≤k−1 such that for any u ∈ C∞0 (Hn),
b′k
(∫
Hn
|u|qdVh
)2/q
≤
∫
Hn
|△k/2h u|2dVh +
k−1∑
m=0
a′km
∫
Hn
|△m/2h u|2dVh,(3.1)
where q = (2n)/(n − 2k). Then b′k ≤ 1Λk , where Λk is the best k-th order Sobolev constant in
R
n.
Proof. This proof follows from the lines of [2] (also see [21]). Suppose by contradiction
that there exist b′k and {a′km} satisfying b′k > 1Λk , such that inequality (3.1) holds for any
u ∈ C∞0 (Hn). Let y ∈ Hn. It is easy to see that for any ǫ > 0 there exists a chart (U, φ) of
H
n at y, and there exists τ > 0 such that φ(U) = Bτ (0) (here Bτ (0) is the Euclidean ball of
center 0 and radius τ in Rn), and such that the components hij of h in this chart satisfy
(1− ǫ)δij ≤ hij ≤ (1 + ǫ)δij
as bilinear forms. Choosing ǫ small enough we can get by (3.1) that there exist τ0 > 0, b
′′
k and
{a′′km} satisfying b′′kk > 1Λk such that for any τ ∈ (0, τ0) and any u ∈ C∞0 (Bτ (0)),
b′′k
(∫
Rn
|u|qdx
)2/q
≤
∫
Rn
|△k/2h u|2dVh +
k−1∑
m=0
a′′km
∫
Rn
|△m/2u|2dx.
Applying Nirenberg’s lemma (see [28] or [1, Lemma 14.1]), we find that there exists a constant
c depending only on τ such that for any 0 < m ≤ k − 1,∫
Rn
|△m/2u|2 ≤ τ
∫
Rn
|△k/2u|2dx+ c
∫
Rn
|u|2dx.
It follows from Ho¨lder’s inequality that∫
Bτ (0)
|u|2dx ≤ |Bτ (0)|2k/n
(∫
Bτ (0)
|u|q
)2/q
,
where |Bτ (0)| denotes the volume of the ball Bτ (0) in Rn. Therefore by choosing τ small
enough, we obtain that there exist τ > 0 and b′′′k >
1
Λk
such that for any u ∈ C∞0 (Bτ (0)),
b′′′k
(∫
Rn
|u|qdx
)2/q
≤
∫
Rn
|△k/2u|2dx.
For any u ∈ C∞0 (Rn), let us set uη(x) = u(ηx), η > 0. Take η large enough, uη ∈ C∞0 (Bτ (0)).
Thus,
b′′′k
(∫
Rn
|uη|qdx
)2/q
≤
∫
Rn
|△k/2uη|2dx.
But we also have (∫
Rn
|uη|qdx
)2/q
= η−(2n)/q
(∫
Rn
|u|qdx
)2/q
and ∫
Rn
|△k/2uη|2dx = η2k−n
∫
Rn
|△k/2u|2dx.
In view of 1/q = 1/2− k/n, we obtain that for any u ∈ C∞0 (Rn),
b′′′k
(∫
Rn
|u|qdx
)1/q
≤
∫
Rn
|△k/2u|2dx.
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Since b′′′k >
1
Λk
, such an inequality is contradiction with (1.5). This completes proof of the
lemma. 
Proof of theorem 1.1. We simply write u◦σ and Pk(u◦σ) as u and Pku in Bn, respectively,
where σ : Bn → Hn is the conformal map defined by (2.1). By Theorem 2.3 (or (2.17)) we
have
ξ
n+2k
n−2k
k (Pku) = △k(ξku) for x ∈ Bn,(3.2)
where ξk =
(
2
1−|x|2
)n−2k
2
, and △k is the kth-iterated standard Laplacian in Rn. Multiplying
ξku to equation (3.2) and then integrating the result in Bn, we get∫
Bn
(
2
1− |x|2
)n
(Pku)u dx =
∫
Bn
(ξku)
(△k(ξku))dx.(3.3)
By applying integration by parts to the right-hand side of (3.3), we have∫
Bn
(ξku)
(△k(ξku))dx =
∫
Bn
|△k/2(ξku)|2dx.(3.4)
Note that
dVh =
(
2
1− |x|2
)n
dx,
where dx is the volume element of the Euclidean space Rn. This implies∫
Bn
(
2
1− |x|2
)n
(Pku)u dx =
∫
Hn
(Pku)u dVh.(3.5)
It follows from (3.3)—(3.5) that∫
Hn
(Pku)u dVh(∫
Hn
|u|qdVh
)2/q =
∫
Bn
|△k/2(ξku)|2dx(∫
Bn
|ξk u|qdx
)2/q .(3.6)
It is clear that for every u ∈ C∞0 (Hn),∫
Hn
(Pku)u dVh(∫
Hn
|u|qdVh
)2/q =
∫
Hn
(
|△k/2h u|2 +
∑k−1
m=0 akm|△m/2h u|2
)
dVh(∫
Hn
|u|qdVh
)2/q ,(3.7)
where akm are the coefficients of Pk. Also, there exits a constant C > 0 such that for any
u ∈ C∞0 (Hn) (∫
Hn
|u|qdVh
)2/q
≤ C
∫
Hn
(
|△k/2h u|2 +
k−1∑
m=0
akm|△m/2h u|2
)
dVh.
From Lemma 3.1, we see that
inf
u∈C∞0 (H
n)\{0}
∫
Hn
(
|△k/2h u|2 +
∑k−1
m=0 akm|△m/2h u|2
)
dVh(∫
Hn
|u|qdVh
)2/q ≤ 1Λk .
Suppose by contradiction that
inf
u∈C∞0 (H
n)\{0}
∫
Hn
(
|△k/2h u|2 +
∑k−1
m=0 akm|△m/2h u|2
)
dVh(∫
Hn
|u|qdVh
)2/q < 1Λk ,
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and let u0 ∈ C∞0 (Hn), u0 6≡ 0 satisfy∫
Hn
|△k/2h u0|2dVh +
∑k−1
m=0 akm|△m/2h u0|2dVh(∫
Hn
|u0|qdVh
)2/q < 1Λk .(3.8)
By (3.6), (3.7) and (3.8), we have∫
Bn
|△k/2(ξku0)|2dx(∫
Bn
|ξku0|qdx
)2/q < 1Λk .
Clearly, ξku0 ∈ C∞0 (Bn). But∫
Bn
|△k/2(ξku0)|2dx( ∫
Bn
|ξku0|qdx
)2/q ≥ infw∈C∞0 (Bn)\{0}
∫
Bn
|△k/2w|2dx( ∫
Bn
|w|qdx)2/q ≥
1
Λk
.
This is a contradiction, which shows
inf
u∈C∞0 (H
n)\{0}
∫
Hn
(
|△k/2h u|2 +
∑k−1
m=0 akm|△m/2h u|2
)
dVh(∫
Hn
|u|qdVh
)2/q = 1Λk .
Hence we get (1.8).
Finally, by the conformal map σ from (Bn, δ) to (H
n, h), the function Gk,ǫ(x) (see (2.3))
defined in Bn is lifted to ψk,ǫ(r), and (1.10) is true. (2.11) of Lemma 2.2 also shows that
equation (1.11) holds. 
Remark 3.2 (i) Using a similar argument as in Section 2, we can conclude that there is
not extremal function on Hn for the sharp Sobolev inequality (1.8).
(ii) If a Riemannian manifold (M, g) is conformally flat (i.e., there exists a smooth
function w defined on M such that (M, e2wg) is flat (i.e., the curvature of e2wg vanishes
on M)), then by a completely similar discussion as we have done in the hyperbolic space
(Hn, h), we can also obtain the corresponding sharp k-th order Sobolev inequalities on (M, g).
In particular, we can obtain that if (M, g) is a conformally flat Riemannian manifold and if
(M, g) is also an Einstein manifold (i.e., Ricg = βg for some constant β), then the 2k-th
order GJMS operator Ek has an explicit expression (also see [17]):
Ek =
k∏
l=1
(∆g − clRg),
where cl =
(n+2l−2)(n−2l)
4n(n−1) . The sharp k-th order Sobolev inequalities is(∫
M
|u|qdVg
)2/q
≤ Λk
∫
M
(Eku)u dVg, ∀ u ∈ C∞0 (M).
More particularly, we can immediately obtain the GJMS operator Ek on the unit sphere (S
n, g)
(that is, Ek = E1(E1 − 2) · · · (E1 − k(k − 1)) with E1 = ∆g + n(n−2)4 , see [25] and [27]).
Recall that the inequality (1.8) can be re-written as
‖u‖2Lq(Hn) ≤ Λk
[∫
Hn
|∆k/2u|2dVh +
k−1∑
m=0
akm
∫
Hn
|∆m/2h u|2dVh
]
, ∀ u ∈ C∞0 (Hn),
where akm (0 ≤ m ≤ k−1) are the coefficients of the operator Pk. Theorem 1.1 only shows that
Λk is the best constant. The following theorem says that the constants Λk,Λkak,k−1, · · · ,Λkak0
are optimal since they cannot be lowered.
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Theorem 3.3 Let (Hn, h) be the hyperbolic space, n > 4k − 2, and let q = (2n)/(n − 2k).
Assume that Ti (i = 0, 1, · · · , k − 1) is the operator defined by
Ti =
k∑
m=i+1
akm△mh +
i∑
m=0
τkm△mh , i = 0, 1, · · · , k − 1,
where {akm} are the coefficients of the 2k-th order GJMS operator Pk with akk = 1. For each
fixed i ∈ {0, 1, · · · , k − 1}, there exist real numbers τk0, · · · , τki such that for all u ∈ C∞0 (Hn),
‖u‖2Lq(Hn) ≤ Λk
∫
Hn
(Tiu)u dVh
= Λk
[
k∑
m=i+1
akm
∫
Hn
|△m/2h u|2dVh +
i∑
m=0
τkm
∫
Hn
|△m/2h u|2dVh
]
(3.9)
if and only if τki ≥ aki, where Λk is the best k-th order Sobolev constant in Rn.
Proof. For any fixed i ∈ {0, 1 · · · , k − 1}, if τki ≥ aki, the result immediately follows from
Theorem 1.1 because we may take τkm = akm, m = 0, 1, · · · , i− 1.
Suppose, on the contrary, that there exist τk0, · · · , τki satisfying τki < aki such that (3.9)
holds for all u ∈ C∞0 (Hn). For ǫ > 0, we let ψk,ǫ(r) be as in Theorem 1.1, that is
ψk,ǫ(r) =
[
1 + ǫ2
2ǫ
(
cosh r − 1− ǫ
2
1 + ǫ2
)]k−n2
,
where r is the distance to the origin on Hn. By (2.8) and (2.9), it follows that
∫
Hn
|ψk,ǫ(r)|qdVh =
∫
Bn
|Gk,ǫ(x)|qdx =
∫
Bn
ǫ−n
(
1+( |x|ǫ )
2
2
)−n
dx
= ωn−1
∫ 1
0 ǫ
−n
(
1+( sǫ )
2
2
)−n
sn−1ds = 2nωn−1
∫ 1
ǫ
0 (1 + z
2)−nzn−1dz,
where
Gk,ǫ(x) =
[
2ǫ
ǫ2 + |x|2
]n
2−k
.
Hence
lim
ǫ→0+
∫
Hn
|ψk,ǫ(r)|qdVh = 2nωn−1
∫ +∞
0
(1 + z2)−nzn−1dz(3.10)
= 2n−1ωn−1
Γ(n/2)Γ(n/2)
Γ(n)
= ωn,
which also implies that
∫
Hn
|ψk,ǫ(r)|qdVh is decreasing with respect to ǫ, (ǫ > 0). According
to (2.11), we have
Pk (ψk,ǫ(r)) =
1
Λkω
2k/n
n
(ψk,ǫ(r))
q−1
, 0 ≤ r < +∞,
i.e.,
△khψk,ǫ(r) +
k−1∑
m=0
akm△mh ψk,ǫ(r) =
1
Λkω
2k/n
n
(
ψk,ǫ(r)
) n+2k
n−2k , 0 ≤ r < +∞,
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where Pk is the 2k-order GJMS operator on H
n (see (2.12). It follows that for any ǫ > 0,∫
Hn
(
Pkψk,ǫ(r)
)(
ψk,ǫ(r)
)
dVh
‖ψk,ǫ(r)‖2Lq(Hn)
=
(
Λkω
2k/n
n
)−1 ∫
Hn
(
ψk,ǫ(r))
qdVh( ∫
Hn
(ψk,ǫ(r))q
)2/q
=
1
Λkω
2k/n
n
(∫
Hn
(
ψk,ǫ(r)
)q
dVh
)1−2/q
<
ω
1−2/q
n
Λkω
2k/n
n
=
1
Λk
.
Since
Tiψk,ǫ(r) = Pkψk,ǫ(r) +
i∑
m=0
(τkm − akm)△mh (ψk,ǫ(r)),
we obtain that for any ǫ > 0,∫
Hn
(
Tiψk,ǫ(r)
)(
ψk,ǫ(r)
)
dVh
‖ψk,ǫ(r)‖2Lq(Hn)
=
∫
Hn
(
Pkψk,ǫ(r)
)(
ψk,ǫ(r)
)
dVh
‖ψk,ǫ(r)‖2Lq(Hn)
(3.11)
+
∫
Hn
(∑i
m=0(τkm − akm)△mh (ψk,ǫ(r))
)
(ψk,ǫ(r))dVh
‖ψk,ǫ(r)‖2Lq(Hn)
<
1
Λk
+
∫
Hn
(∑i
m=0(τkm − akm)△mh (ψk,ǫ(r))
)
(ψk,ǫ(r))dVh
‖ψk,ǫ(r)‖2Lq(Hn)
.
Clearly, if i = 0, then (3.11) implies∫
Hn
(
Ti(ψk,ǫ(r))
)(
ψk,ǫ(r)
)
dVh
‖ψk,ǫ(r)‖2Lq(Hn)
<
1
Λk
.
This contradicts (3.19) because we can choose a function vǫ ∈ C∞0 (Hn) (see later) such that∫
Hn
(
Tivǫ
)
vǫ dVh
‖vǫ‖2Lq(Hn)
<
1
Λk
.
Thus the conclusion of the theorem holds for i = 0.
Now, we consider the case i ≥ 1. It is obvious that
lim
r→+∞
∂mψk,ǫ(r)
∂rm
= 0, lim
ǫ→0+
r 6=0
∂mψk,ǫ(r)
∂rm
= 0, m = 0, 1, · · · , i− 1.
It follows from (3.10) that
1
‖ψk,ǫ(r)‖2Lq(Hn)
=
1
ω
2/q
n
+ o(ǫ) as ǫ→ 0+.
Therefore, for ǫ sufficiently close to 0, we have∫
Hn
(∑i
m=0(τkm − akm)△mh (ψk,ǫ(r))
)
(ψk,ǫ(r))dVh
‖ψk,ǫ(r)‖2Lq(Hn)
= ω−2/qn
i∑
m=0
(τkm − akm)
∫
Hn
|△m/2h (ψk,ǫ(r))|2dVh + f1(ǫ),
where
lim
ǫ→0+
f1(ǫ)∑i
m=0(τkm − akm)
∫
Hn
|△m/2h (ψk,ǫ(r))|2dVh
= 0.
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For each m ∈ {0, 1, · · · , i− 1}, it follows from Nirenberg’s lemma (see [23], [28] or [1, Lemma
14.1]) that for any ̺ > 0, there exists a constant cm depending only on ̺, m and i such that
∫
Hn
|△m/2h u|2dVh ≤ ̺
∫
Hn
|△i/2h u|2dVh + cm
∫
Hn
|u|2dVh(3.12)
for all u ∈W k,2(Hn). We can choose ̺ > 0 small enough such that
τki − aki + ̺
i−1∑
m=1
|τkm − akm| < 0.(3.13)
Thus
∫
Hn
(
Ti(ψk,ǫ(r)
)(
ψk,ǫ(r)
)
dVh
‖ψk,ǫ(r)‖2Lq(Hn)
(3.14)
<
1
Λk
+ ω−2/qn
[(
τki − aki + ̺
i−1∑
m=1
|τkm − akm|
)∫
Hn
|△i/2h (ψk,ǫ(r))|2dVh + f2(ǫ)
+c′i
∫
Hn
|ψk,ǫ(r)|2dVh
]
,
where
lim
ǫ→0+
f2(ǫ)(
τki − aki + ̺
∑i−1
m=1 |τkm − akm|
)∫
Hn
|△i/2h (ψk,ǫ(r))|2dVh
= 0,
and c′i is a constant depending only on ̺ and i.
From (2.9), we have
∫
Hn
|ψk,ǫ(r)|2dVh =
∫
Bn
(
2ǫ
1 + ǫ2
)n−2k [
2ǫ2
1 + ǫ2
+
2|x|2
1− |x|2
]2k−n(
2
1− |x|2
)n
dx
= 2nωn−1
(
2ǫ
1 + ǫ2
)n−2k ∫ 1
0
[
2ǫ2
1 + ǫ2
(1− s2) + 2s2
]2k−n(
1
1− s2
)2k
sn−1ds.
Making the change of variables t = sǫ , we obtain that
∫
Hn
|ψk,ǫ(r)|2dVh = 2nωn−1
(
2ǫ
1 + ǫ2
)n−2k ∫ 1/ǫ
0
[ 2ǫ2
1 + ǫ2
(1 + t2)
]2k−n( 1
1− ǫ2t2
)2k
ǫntn−1dt
= 2nωn−1ǫ
2k
(
1 + ǫ2
2ǫ
)2 ∫ 1/ǫ
0
( ( 2ǫ1+ǫ2 )2
1− ǫ2t2
)( 1
1− ǫ2t2
)2k−1 tn−1dt(
1 + t2
)n−2k
It follows from (2.9) that
∂ψk,ǫ(r)
∂xi
=
(
2ǫ
1 + ǫ2
)n
2−k (
k − n
2
) [ 2ǫ2
1 + ǫ2
+
2|x|2
1− |x|2
]k− n2−1 4xi
(1 − |x|2)2 ,
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which implies∫
Hn
|∇hψk,ǫ(r)|2dVh
=
(
2ǫ
1 + ǫ2
)n−2k (
k − n
2
)2 ∫
Bn
[
2ǫ2
1 + ǫ2
+
2|x|2
1− |x|2
]2k−n−2
|x|2( 2
1− |x|2
)n+2
dx
= 2n+2
(
2ǫ
1 + ǫ2
)n−2k (
k − n
2
)2
ωn−1
×
∫ 1
0
[
2ǫ2
1 + ǫ2
(1− s2) + 2s2
]2k−n−2 ( 1
1− s2
)2k
sn+1ds.
Again, by the substitution t = sǫ , we have∫
Hn
|∇hψk,ǫ(r)|2dVh = 2n+2
(
k − n
2
)2
ωn−1ǫ
2k
(
1 + ǫ2
2ǫ
)2
×
∫ 1
ǫ
0
(
1
1− ǫ2t2
)2k
tn+1dt(
1 + t2
)n−2k+2 .
It follows from the dominated convergence theorem, if n > 4k − 2,
lim
ǫ→0+
∫ 1
ǫ
0
(( 2ǫ2
1+ǫ2
)2
1− ǫ2t2
)(
1
1− ǫ2t2
)2k−1
tn−1dt
(1 + t2)n−2k
= 0,
and
lim
ǫ→0+
∫ 1/ǫ
0
(
1
1− ǫ2t2
)2k
tn+1dt(
1 + t2
)n−2k+2 =
∫ +∞
0
tn+1dt(
1 + t2)n−2k+2
=
Γ(n2 + 1)Γ(
n
2 + 1− 2k)
2 Γ(n+ 2− 2k) .
The latter integral on the right-hand side is a finite positive constant for n > 4k − 2. On the
other hand, since
lim
ǫ→0+
2nωn−1ǫ
2k
(
1+ǫ2
2ǫ
)2
2n+2
(
k − n2
)2
ωn−1ǫ2k
(
1+ǫ2
2ǫ
)2 = 14(k − n2 )2 ,
it follows that
lim
ǫ→0+
∫
Hn
|ψk,ǫ(r)|2dVh∫
Hn
|∇h(ψk,ǫ(r))|2dVh = 0.(3.15)
By taking m = 1 and replacing u by ψk,ǫ(r) in (3.12), we have
1 ≤ ̺
∫
Hn
|△i/2h (ψk,ǫ(r))|2dVh∫
Hn
|∇h(ψk,ǫ(r))|2dVh + c1
∫
Hn
|ψk,ǫ(r)|2dVh∫
Hn
|∇h(ψk,ǫ(r))|2dVh .
Letting ǫ→ 0+, we find by this and (3.15) that
lim
ǫ→0+
∫
Hn
|△i/2h
(
ψk,ǫ(r)
)|2dVh∫
Hn
|∇h
(
ψk,ǫ(r)
)|2dVh ≥
1
̺
.(3.16)
Combining (3.12), (3.13), (3.15) and (3.16), we obtain that if τki < aki and n > 4k − 2, then
for ǫ sufficiently close to 0,(
τki − aki + ̺
i−1∑
m=0
|τkm − akm|
)∫
Hn
|△i/2h
(
ψk,ǫ(r)
)|2dVh + c′i
∫
Hn
|ψk,ǫ(r)|2dVh < 0.
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From (3.14), it follows that for ǫ > 0 sufficiently close to 0,∫
Hn
(
Ti(ψk,ǫ(r))
)(
ψk,ǫ(r)
)
dVh <
1
Λk
‖ψk,ǫ(r)‖2Lq(Hn).
Finally, since Gk,ǫ ∈ W k,2(Rn) (see, Theorem 1.1 of [12], or [6]), by (2.9) we get that
ψk,ǫ(y) ∈ W k,2(Hn), ǫ > 0. Thus, for ǫ sufficiently close to 0, we can choose a sequence of
smooth functions wj with compact support in H
n such that
lim
j→+∞
‖ψk,ǫ − wj‖Wk,2(Hn) = 0.
It follows that there is an integer j0 such that∫
Hn
(
Ti(wj0)
)(
wj0
)
dVh <
1
Λk
‖wj0‖2Lq(Hn).
Let us denote wj0 by u. This is in contradiction with (3.9), which proves the theorem when
n > 4k − 2. 
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